Abstract-This paper presents a very-high-speed (VHS) slotless permanent-magnet motor design procedure using an analytical model. The model is used to design the optimal prototype (target: 200 kr/min, 2 kW). The multiphysics analytical model allows a quick optimization process. The presented model includes the magnetic fields, the mechanical stresses in the rotor, the electromagnetic power losses, the windage power losses, and the power losses in the bearings. VHS machines need a new torque measurement method. This paper presents the developed method. It also presents a ball bearing friction torque measurement method designed particularly for VHS machines. Remarkably, the method allowed us to design a prototype which operates beyond the target of speed and power. The results given by the model are compared with the measurements of the prototype.
I. INTRODUCTION

D
UE TO THEIR high power density, very-high-speed (VHS) permanent-magnet (PM) motors are increasingly requested on the market. Indeed, as the mechanical power is given by P = T ω, for a given motor volume and torque T , the output power and hence power density increase with the rotation speed ω.
The increasing need for low weight, high efficiency, and high power density motors or generators has led to an intense research and development in the field of VHS motor or generator [1] - [7] .
The domains of applications of VHS machines are very diversified: automotive industry (supercharger, electrically assisted turbocharger [8] , fuel cell compressor [9] ), machining industry (machine tool [10] , micromachining), home appliance industry (vacuum cleaner), medical industry (micromotors for dental medicine), and other specific applications (compressors, cryocooler [11] , vacuum pump, gas turbines [12] , [13] , flywheels [14] ). The first aspect which is presented in this paper is the design of the high-speed motor. A traditional way to design motors is to perform the optimization using each of its submodels (thermal, mechanical, electromagnetic, etc.) separately and iteratively. This is called a fragmented conception. In this paper, the mechanical optimum for the motor would be to reduce the rotor diameter to diminish the stress in it, but it would reduce the motor torque. The magnetic optimum would be to reduce the air gap, but it would increase the windage power losses. These simple examples show the necessity of having an optimization which uses the complete multiphysics model of the system. There are at least two different approaches for performing multiphysics systems optimization. The first one is with finite element methods. It has the advantage that it can solve complicated structures, but the required computer time is enormous when there are different physical aspects and different parameters to optimize.
The second method is to create a fully analytical model and to do a mathematical optimization. The advantage of this method is that it is extremely fast. It also gives much more insights in the physics of the system. This method was chosen for the VHS motor development presented in this paper.
The second aspect which is presented in this paper is the measuring process linked with the target speed and power of the machine. The goal is the measurement of a 200 000-r/min 2-kW synchronous machine. Traditional measurement tools are not compatible with such high speeds.
Although many articles have been written about VHS motors in general and VHS slotless PM motors in particular, only a very few teams reached the speed of 200 kr/min [11] , [15] .
References [15] and [16] have already presented VHS motor developments. Although the motor model presented in the next paragraphs is general, the goal of the research is to design a motor at much higher power than the cited articles. In addition, in these articles, there are no measurements of the overall efficiency of the motor presented.
Reference [11] presents a motor design of power and speed which are similar to the target of this paper, but it does not present any multiphysics analytical optimization.
The main contributions of this paper are as follows.
1) A designing procedure method which includes both a multiphysics analytical optimization and experimental results of the overall motor power balance. method has similarities with [17] , the presented innovations give a much better precision. 3) An innovative ball bearing friction torque measurement method.
II. ANALYTICAL MODEL
The analytical model is applied to the motor structure shown in Fig. 1 . The geometry is as follows: a PM at the center, a sleeve, an air gap, three coils, and a stator yoke. The goal of the optimization process is to reduce the power losses. The power balance of the motor will be presented first, and the different power losses contributions are presented in the next part of this section.
A. Power Balance
The power balance is given by
with P mech the output mechanical power, P loss the power losses, and P in the motor input power. The total power losses are assumed to be given by
with P w the windage power losses, P bear the bearing power losses, P iron the iron power losses in the stator, and P cop the Joule power losses in the coils. P mech is related to the power P mag transmitted to the rotor by the currents in the coils
B. Torque Due to the Magnetostatic Fields
Since the machine is slotless, the gap between the PM and the stator yoke is big. This implies that the magnetic flux density is low in the stator yoke. The yoke can be chosen thick enough so that no magnetic saturation is needed to be considered inside of it. Using the article from Xia et al. [18] , the magnetostatic fields are calculated. The torque T produced by the interaction of the current passing through one coil and the PM is calculated as
with B R the PM remanent field, μ r the PM relative permeability, p the number of pole pairs, J the instantaneous current density averaged in a coil section, r 1 the outer radius of the PM, r ci the inner radius of the coil, r ce the outer radius of the coil, r yi the inner radius of the stator yoke, θ the rotor position, l a the active length, and
with α i i = 1, . . . , 4 the angles which set the dimensions of one coil, as shown in Fig. 1 . This torque model is validated through 2-D finite element methods with an error of less than 0.01%. More details about this model can be found in [7] . The current density is assumed to vary as a sinusoidal function of the time. The torque due to the current passing through one coil is maximum when the instantaneous current density is maximum J max and when the rotor position is such that the total flux passing through the coil is equal to zero. The maximum torque is called T max 1ph . With p = 1 or p = 2, the power transmitted to the rotor due to the sinusoidal currents passing through the three coils T 3ph is equal to
with ω the angular velocity.
C. Mechanical Stresses
The mechanical stresses (σ r , σ α ) are calculated in each of the two layers of the rotor using the equilibrium equation [19] in the polar coordinate system (r, α)
with F r the radial force density. Hook's law gives the dependence of the strain ε on the stresses
with E Young's modulus and ν Poisson's ratio.
In a rotating system, a volume element is subject to the following force:
The detailed model of the stresses in the rotor is presented in [20] .
D. Electromagnetic Power Losses
Joule power losses density p cop in the coils is calculated as
with ρ c the resistivity and J the current density. The Joule power losses P cop are calculated as
with J max the maximum current density averaged over a coil section, F c the coil filling factor, and V c the volume of one coil. The stator iron power losses P iron are assumed to be generated only by the PM. Their density p iron is calculated approximately using the Steinmetz equation
with c i , i = 1, 2, 3 being empirical coefficients given by the manufacturer,B the maximum magnetic field, and f the frequency. The same empirical approach, used in [21] for the hysteresis power losses, is used here for the iron power losses. The model yoke thickness is chosen so thatB is at the saturation limit.B is assumed to be constant along a radius. P iron can be expressed as
with r ye the outer radius of the stator yoke. The eddy current and hysteresis power losses in the magnet are neglected. The eddy currents in the sleeve and in the coils are also neglected.
E. Windage Power Losses
The article from Vrancik [22] indicates that the windage power losses P w are calculated as
with l the length considered, r 2 the inner radius of the air gap, and ρ air the air density. The skin friction coefficient C d is calculated using an empirical formula
with Re the Reynolds number
with ν the air kinematic viscosity and δ the air gap. 
F. Ball Bearings Power Losses Model
In a ball bearing, there are many parameters which influence the friction torque: the dimensions, the rolling paths materials, the balls materials, the contact angles, the construction precision, the speed, the preload, and the lubrication.
Theoretical models are available in the literature [23] , [24] to estimate this torque. However, due to the VHSs and the uncertainties of many model parameter values, the accuracy of such models may be poor [25] .
Among articles about the use of ceramic ball bearings for high-speed applications [26] , there are not many about friction torque. Reference [27] gives an empirical model for a given design and speed range.
Therefore, a setup was done to do an empirical model for the ball bearings considered for the prototype. The model which allows one to calculate the power losses in the bearings P bear has the following form:
The next section shows the procedure to obtain the two constants c 4 and c 5 .
III. BALL BEARINGS POWER LOSSES
A. Setup
As shown in Fig. 2 , two ball bearings are mounted on a conductive shaft which is made of aluminum. A multipolar axially magnetized PM is mounted at the end of the shaft of the motor and drives the conductive shaft. Eddy currents are created in the conductive shaft, so the coupling is contactless. The reaction torque T 2 is measured on the fixed part which surrounds the bearings.
Two toric shape elastic pieces stand at the two sides of the bearings. The preload is adjusted on the bearings through a screwed piece (on the left, in Figs. 2 and 3) .
The data of the tested bearings are shown in Table I . 
B. Measurement Procedure
As the coupling between the motor shaft and the conductive shaft is done by the mean of eddy currents, there is a speed difference between the two shafts. Let f be the conductive shaft rotation frequency, f m the motor rotor rotation frequency, and Δf the frequency difference between them
In order to relate Δf to the torque applied on the conductive shaft by the motor shaft, the conductive shaft is fixed (f = 0) while the motor is running. The torque T 1 is measured as a function of Δf = f m . It gives the slip curve
Then, the conductive shaft is set to rotate freely. The motor is driven at different speeds. The reaction torque T 2 is measured as a function of f m
As there is no speed sensor on the conductive shaft, its rotation frequency is deduced using the slip curve
Using (22) and (23), the friction torque and hence the power losses is deduced as a function of the shaft speed.
The results are shown in Fig. 4 . The friction torque of the ball bearings is dependent on the speed and on the preload. The measurements which include the mechanical coupling through the air are fitted using (19) . The resulting coefficients are shown in Table I . 
IV. OPTIMIZATION
A. Optimization Process
Two commercial software applications are used for the optimization: Pro@DESIGN [28] and Mathematica. Pro@DESIGN includes different optimization algorithms. Some are based on a sequential quadratic programming solver using the partial derivatives and penalty functions. One parameter is chosen to be the objective function and all the others are fixed, constrained in intervals, or free. Mathematica also includes many optimization algorithms. A code in Mathematica was written to handle models with a large number of parameters. The two software applications showed the same results.
The objective function is chosen to be the total power losses shown in (2) . This is an indirect way to take into account the thermal aspect of the motor. These losses include the iron power losses in the stator, the Joule power losses in the coils due to the applied current, the windage power losses in the air gap. The eddy current power losses in the rotor are not considered in this paper. The rotor power losses will be considered in a future article. The output power is used as a constraint. In addition, the mechanical model is used as a constraint: The stresses in the center of the PM and at the inner side of the sleeve have to be lower than the maximum stress of the different materials.
The geometrical parameters which are optimized are the following: the outer radius of the PM, the outer radius of the sleeve, the interference between the PM and the sleeve, the air gap, the coil thickness, the angles α 1 and α 2 , the active length of the motor, and the number of PM pole pairs.
The result of the optimization is shown in Table II . With the given constraints on the active length, a one pole-pair motor is more efficient than a two pole pair.
B. Pareto Frontiers
The suggested method for designing VHS motors allows one to study Pareto frontiers.
The Pareto frontier defines optimal parameter sets. It is the boundary between the feasible parameter sets and the parameter sets which are not feasible. For example, as shown in Fig. 5 , the point of the surface represents the design with the lower possible power losses for a given active length and coil thickness. Below the surface, there is no feasible design. Above the surface, the designs are not optimal.
The Figs. 5-7 are realized by doing 400 optimizations for each figures. Nevertheless, the advantage of the purely analytical method is that it is extremely fast. The time used by the Fig. 5 . Pareto frontier of the power losses, the coils thickness, and the air gap. The radial dimensions of the rotor are constrained to be equal to the dimensions of rotor of the prototype presented in Section VI-A. In the calculation of Figs. 5 and 6, a constraint is added in the optimization process. The radial dimensions of the rotor are fixed. They are equal to the one of the prototype presented in the next section (Table III) . In the calculation of Fig. 7 , no extra constraint is added. Since the radial dimensions of the rotor are optimized in this case, it means that the optimization process takes more time. The comparison of Figs. 6 and 7 shows that the constraint on the radial dimensions of the rotor increases the power losses for high active lengths.
Pareto frontiers are very useful to give an representation of the effect of changes of some parameters.
V. MOTOR TORQUE MEASUREMENT
This method is based only on the inertia of the motor rotor. A coder measures the angular position α of the rotor. The accelerationα of the rotor is related to the frequency f c of the coder with resolution n asα
Knowing the inertia I, the torque T that needs to be applied to produce the accelerationα is obtained
The inertia of the rotor of the prototype is I = 1.6431 × 10 −6 kg · m 2 . The value n needs to be compatible with low and high speeds. For the prototype presented in the next section, the angle α is measured by the coder with n = 1. A numerical differentiation allows one to obtain the rotor speed. Using a numerical differentiation once again, the torque is computed (Fig. 8) . The noise in the measurements makes a numerical differentiation useless. As shown in Figs. 8-11 , the voltage applied to the power bridge which supplies the prototype is 96 V. The current is limited from 0 to 227 ms.
The solution for eliminating this noise is to do first a polynomial fitting of the curve representing the rotor position as a function of the time and then differentiate analytically. Fig. 9 shows the speed as a function of time. A second analytical derivative is calculated to obtain the torque (Fig. 10) . This method is powerful to cancel the noise.
Before the fitting, a resampling can be done, because there are more points per unit of time at high speed than at low speed.
The combination of the speed and the torque functions (Figs. 9 and 10) gives the torque versus speed curve. The result obtained is shown in Fig. 11 . In this case, the current is limited through an electronic regulation from 0 to ∼188 kr/min. It corresponds to the region which is approximately constant.
The advantage of this method is that the complete torque versus speed curve can be measured very rapidly since the whole measure is done in one step.
The disadvantage of this method is that it is very sensitive to the correctness of the calculation of the inertia. Another disadvantage is that it is not possible to measure the torque in a thermically stabilized regime.
VI. EXPERIMENTAL VALIDATION OF THE ANALYTICAL MODEL
A. Optimized Prototype
Because of the mechanical natural frequencies, the active length of the motor was constrained to be smaller or equal to 30 mm. The prototype specifications are presented in Table III . The design resulting from the optimization of the analytical model and some construction constraints are also presented in Table III . The material of the rotor sleeve is a titanium alloy. The material of the PM is NdFeB. The prototype is shown in Fig. 12 . 
B. Measurement of the Optimized Prototype
A test and measurement bench is used for the acceleration of the VHS prototype. The method presented in Section V filters signals which are significant. The electronic current regulation creates current ripples. Their effect can be seen on the input power shown in Fig. 13 . This curve is obtained by averaging over a current period the sum of the instantaneous electrical power in each of the three phases. The dashed line in Fig. 14 represents the efficiency of the VHS prototype calculated by dividing the input power of the prototype by the mechanical output power deduced by the method of Section V. The ripple in this efficiency curve is due to the fact that the torque measurement method filters the effect of the current regulation in the electronics which commands the power bridge. The ripples on the right side are also due to a side effect in the polynomial fitting process. This efficiency curve is averaged using a polynomial function of order eight. The resulting real efficiency is represented as a continuous line also shown in Fig. 14 .
The mechanical power output curve shown in Fig. 13 is obtained by multiplying the real efficiency (continuous line shown in Fig. 14) by the input power.
At 200 kr/min, the efficiency is 87.0% and the output power is 2.19 kW. It takes 244 ms to accelerate the rotor from 0 to 200 kr/min. The maximum measured speed is 206 kr/min.
C. Model Validation
It is important to emphasize that the model is a fit-free model. Every parameter is taken from the literature, material data sheet, or is separately measured.
The 2-D torque model shown in (4) is validated through 2-D finite element methods with an error of less than 0.01%. The measured static torque is 11.2% lower than the model because of 3-D effects.
Since there are no fitting parameters, the presented model has the advantage to be general. Indeed, any fitting parameter would be geometry dependent or design dependent and lowers the range validity of the model. For this reason, the choice was made not to include any parameters fitted to the measured prototype.
The constraints on the rotor dimensions added by the mechanical model are validated by the fact that the rotor does not break at 200 kr/min.
As shown in Fig. 14 , the dots represent the efficiency given by the analytical model. For the power output of 2.19 kW at 200 kr/min, the efficiency given by the model is 93.9% instead of the 87.0% measured. As shown in Fig. 14 , we see that although there is a ratio between the theoretical and measured power losses, the curve form is correct.
This confirms that some important theoretical aspect have not been taken into account in the modeling. To improve the model, the following aspects need to be considered.
1) The eddy currents power losses in the rotor produced by the magnetic field created by the current in the coils. 2) The eddy currents power losses in the coils.
3) The iron power losses in the stator yoke due to the field created by the current in the coils. 4) The effect of the 3-D structure on the torque model. 5) The effect of the higher harmonics of current due to the 120 • ON operation mode inverter. Indeed, in this paper, only the first harmonic is considered, since the currents are assumed to be sinusoidal functions of the time.
VII. CONCLUSION
The different aspects of the modeling of a VHS PM slotless motor have been presented: the multiphysics analytical model, the optimization, the prototype, the measurements methods, and the comparison between the model and the measurements. The approach shows excellent results: it allowed to overcome the original target of 200 kr/min, 2 kW.
The magnetic torque model is in very good agreement with 2-D finite element methods.
The optimization process, which takes in the presented case less than 1 s, allows one to test many different configurations. In particular, Pareto frontiers are calculated. They give a representation of the physics of the motor.
Both the ball bearing measurement method and the motor torque measurement method showed good results. The ball bearing friction torque measurement method gives results which are useful for the validation of the total efficiency of the prototype. The motor torque measurement method is successful at 200 kr/min, 2 kW. It showed that the model gives a right insight into the physics the PM slotless machine, although there are still missing parts in the power losses model. The next step which will need to be considered is the rotor losses created by eddy currents, in the PM, in the sleeve, and in the coils.
